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Random variables

I Ek = {0, 1, 2, . . . , k − 1}
I P{X = 0} = p0, . . . ,P{X = k − 1} = pk−1

I p0 ≥ 0, . . . , pk−1 ≥ 0,
k−1∑︀
i=0
pi = 1

I X ∼ p = (p0, . . . , pk−1) ∈ S(k), 𝜇(p) = {i ∈ Ek | pi > 0}
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Algebraic transformations

I X ∼ (p0, p1, p2),
Y ∼ (q0, q1, q2)

I Z = X + Y (mod 3)
Z ∼ (p0q0 + p1q2 + p2q1,

p0q1 + p1q0 + p2q2,
p0q2 + p1q1 + p2q0)
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(0,0,1)

Z = X + Y (mod 3)

I X1 ∼ p(1), . . . ,Xn ∼ p(n)

I f (x1, . . . , xn) : Enk → Ek
I f (X1, . . . ,Xn) ∼ ̂︀f (p(1), . . . , p(n))
I ̂︀f (p(1), . . . , p(n)) : (︀

S(k)
)︀n → S(k)
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Identities

(r0, . . . , rk−1) = r = ̂︀f (p(1), . . . , p(n))
ri =

∑︁
f (j1,...,jn)=i

p(1)j1 · · · p(n)jn

x ∘ y = y ∘ x p ̂︀∘ q = q ̂︀∘ p
x ∘ (y ∘ z) = (x ∘ y) ∘ z p ̂︀∘ (q ̂︀∘ r) = (p ̂︀∘ q) ̂︀∘ r

x∖(x ∘ y) = y p ̂︀∖ (p ̂︀∘ q) ̸=q



Distribution algebras

I B = {fi : Enik → Ek}i∈I, G ⊆ S(k)

I ℋ =

{︂
H
⃒⃒⃒⃒
G ⊆ H; ∀h(1), . . . , h(n) ∈ H,
f ∈ B⇒ ̂︀f (h(1), . . . , h(n)) ∈ H

}︂
I VB(G) =

⋂︀
H∈ℋ

H
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Limit points

𝜌(g, h) —a metric on S(k)

𝜆(G) = {q | ∀𝜀 > 0 ∃g ∈ G : 0 < 𝜌(q, g) < 𝜀}
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(0,1,0)
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|𝜇(p)| > 1, B = {1,+,×, x2, . . . , xk−1}
𝜆(VB({p})) = S(k)



Quasigroup transformations

Markovski, Gligoroski, Bakeva ’99

I B = {∘1, . . . , ∘l} ⊂ binary quasigroup operations on Ek
I |𝜇(p)| = k
I C = {(. . . ((p ̂︀∘j1 p) ̂︀∘j2 p) . . . ̂︀∘jm p)}m∈N,j1,...,jm∈{1,...,l}

𝜆(C) =
{︀(︀

1
k , . . . ,

1
k

)︀}︀
C ⊆ VB({p})
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n-ary quasigroup transformations

f (x1, . . . , xn) : Enk → Ek is an n-ary quasigroup
operation if ∀i = 1, . . . , n, ∀𝛼1, . . . , 𝛼n−1 ∈ Ek the function

𝜙(x) = f (𝛼1, . . . , 𝛼i−1, x, 𝛼i, . . . , 𝛼n)

is a permutation on Ek .

Theorem

I B = {f1, . . . , fl} ⊂ quasigroup operations on Ek
I B ∋ f , f has arity > 1
I G ⊂ S(k), |G| < ∞, ∀g ∈ G : |𝜇(g)| > k
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Some geometry

Affine hull: Aff(H) =
{︀∑︀

𝛼ih(i) | 𝜆i ∈ R, h(i) ∈ H,
∑︀

𝛼i = 1
}︀

Essentially flat set H X-set H

∃H′, |H′| < ∞ : H ⊆ H′ ∪ H′′

S(k) ̸⊂ Aff(H ∖ H′) S(k) ̸⊂ Aff(H′),Aff(H′′)



Single limit point

Theorem

I H ⊂ S(k), VB(H) = H
I 𝜆(H) = {q}
I |𝜇(q)| = k
I B ∋ f , f has arity > 1
I H is neither essentially flat, nor an X-set

q =
(︀
1
k , . . . ,

1
k

)︀
, B ⊂ quasigroup operations on Ek



Binary case

Yashunsky ’18

I H ⊂ S(2), VB(H) = H
I 𝜆(H) = {q}
I |𝜇(q)| = 2
I B ∋ f , f has arity > 1

q =
(︀
1
2 ,

1
2

)︀
, f ∈ B⇒ f = x1 + · · ·+ xn + c (mod 2)

H ⊂ S(2) is essentially flat or an X-set⇒ |H| = 1
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Exceptions

B = {f }
f 0 1 2
0 0 0 0
1 2 2 1
2 1 1 2

(1,0,0)

(0,1,0)

(0,0,1) (1,0,0)

(0,1,0)

(0,0,1)

H is essentially flat H is an X-set



Thank you!


