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Evaluation evA : A⊗A∗ → R;x′ ⊗ δx 7→ x′δx = δx′,x .
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x′ �
r−1
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Augmented magma: (A,µ,∆, ε) in compact closed (V,⊗, 1) with: .
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multiplication (structure) µ : A⊗A → A∗, .
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comultiplication ∆: A → A⊗A, and .
.
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A⊗A
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//

ε⊗ε

��

A∗ ⊗A⊗A∗
1A∗⊗∆⊗1A∗

// A∗ ⊗A⊗A⊗A∗

τ⊗evA
��

1 A⊗A∗
evA

oo

.

.
commutes.
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Magmas and hypermagmas treated uniformly, regardless of type! .
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In the magma case, (A,µ,∆, ε) lies in (Set,⊗,⊤).
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∗
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.
(A,µ, ρ, λ,∆, ε) is the (augmented) prequasigroup on (A,µ,∆, ε). .
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Augmented quasigroup: Augmented magma (A,µ,∆, ε) .
for which (A, ρ,∆, ε) and (A, λ,∆, ε) are augmented magmas.
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.
Hypergroup if ⋄ is associative [F. Marty, 1936]. .

.
Theorem: Marty quasigroups ≡ augmented quasigroups in (Rel,⊗,⊤). .

.
Corollary: Heyting algebra (A,∧,→), meet semilattice with .

x ∧ y ≤ z ⇔ x ≤ y → z ⇔ y ≤ x → z, .

is a Marty quasigroup or augmented quasigroup in (Rel,⊗,⊤) .

with x ⋄ y = ↑(x ∧ y) , z i y = ↓(y → z) , x h z = ↓(x → z).
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.
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.
Augmented comagma (A,∆, ε) is multisetlike if A = NA0. .
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.
Tare weight |X|, gross weight

∑
x∈X w(x).
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.
A multisetlike augmented quasigroup (NX,µX ,∆X , εX) .

of gross weight W in (N,⊗,N) .
.

lifts to a setlike quasigroup algebra (NQ,µQ,∆Q, εQ) with |Q| = W .
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.

Example: Group S3 with character table

S3 1 t c
χ1 1 1 1
χ2 1 −1 1
θ 2 0 −1

.

.

.



A dual quasigroup of a finite group G . . .

. . . is a quasigroup lift G̃ of the group’s character algebra NG∨ with .
εG∨ : χi 7→ χi(1)

2 and µG∨ : χi ⊗ χj 7→ [χk 7→ χi(1)χj(1)χk(1)⟨χi ⊗ χj | χk⟩] .
.

Example: Group S3 with character table

S3 1 t c
χ1 1 1 1
χ2 1 −1 1
θ 2 0 −1

.

⊗ χ1 χ2 θ
χ1 χ1 χ2 θ
χ2 χ2 χ1 θ
θ θ θ χ1 + χ2 + θ

.

.



A dual quasigroup of a finite group G . . .

. . . is a quasigroup lift G̃ of the group’s character algebra NG∨ with .
εG∨ : χi 7→ χi(1)

2 and µG∨ : χi ⊗ χj 7→ [χk 7→ χi(1)χj(1)χk(1)⟨χi ⊗ χj | χk⟩] .
.

Example: Group S3 with character table

S3 1 t c
χ1 1 1 1
χ2 1 −1 1
θ 2 0 −1

.

S̃3 χ1 χ2 θ1 θ2 θ3 θ4
χ1 χ1 χ2 θ1 θ2 θ3 θ4
χ2 χ2 χ1 θ2 θ1 θ4 θ3
θ1 θ1 θ2 θ3 θ4 χ1 χ2
θ2 θ2 θ1 θ4 θ3 χ2 χ1
θ3 θ3 θ4 χ1 χ2 θ1 θ2
θ4 θ4 θ3 χ2 χ1 θ2 θ1

→

⊗ χ1 χ2 θ
χ1 χ1 χ2 θ
χ2 χ2 χ1 θ
θ θ θ χ1 + χ2 + θ

.

.



A dual quasigroup of a finite group G . . .

. . . is a quasigroup lift G̃ of the group’s character algebra NG∨ with .
εG∨ : χi 7→ χi(1)

2 and µG∨ : χi ⊗ χj 7→ [χk 7→ χi(1)χj(1)χk(1)⟨χi ⊗ χj | χk⟩] .
.

Example: Group S3 with character table

S3 1 t c
χ1 1 1 1
χ2 1 −1 1
θ 2 0 −1

.

S̃3 χ1 χ2 θ1 θ2 θ3 θ4
χ1 χ1 χ2 θ1 θ2 θ3 θ4
χ2 χ2 χ1 θ2 θ1 θ4 θ3
θ1 θ1 θ2 θ3 θ4 χ1 χ2
θ2 θ2 θ1 θ4 θ3 χ2 χ1
θ3 θ3 θ4 χ1 χ2 θ1 θ2
θ4 θ4 θ3 χ2 χ1 θ2 θ1

→

⊗ χ1 χ2 θ
χ1 χ1 χ2 θ
χ2 χ2 χ1 θ
θ θ θ χ1 + χ2 + θ

.

.
E.g., θ(1)3⟨θ ⊗ θ|θ⟩ = 8 = |{θ1, θ2}2 ∪ {θ3, θ4}2|.



.

.
Thank you for your attention! .

.
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