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Abstract

Starting with Q-sets, we deal with generalizations of groupoids,
quasigroups and related structures. 2 is a complete lattice, and an
Q-set (A, E) is a nonempty set equipped with a symmetric and
transitive map E : A> — Q as a generalization of the classical
equality.

Further, the set A is equipped with operations, which makes it a
classical basic structure A: a groupoid A = (A,-), or an algebra
with several at most binary operations.In this case Q-valued
equality E is supposed to be accordingly compatible with these
operations.

Hence, we investigate 2-groupoids and similar 2-structures
denoted by (A, E).

Identities and polynomial formulas with equality are formulated as
particular lattice formulas in which the equality sign is replaced by
E. Then an identity (formula) holds in (A, E) if the corresponding
lattice formula is satisfied in Q.
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In particular, an Q-groupoid is an 2-quasigroup if the equations
a-x = b and y-a= b have unique solutions with respect to E.

A connection to classical quasigroups is that an Q-groupoid (A, E)
is an Q-quasigroup if and only if the quotient subgroupoids over
the congruences obtained by a special decomposition of the
Q-valued equality E, are classical quasigroups.

We prove the equivalence of Q2-quasigroups with Q-equasigroups in
which the basic structure possesses three binary operations and the
classical equasigroup identities are supposed to hold as particular
lattice formulas.

We also investigate Q-groupoids with a unit. We prove that a unit
is unique if the language contains a nullary operation. Otherwise,
an Q-groupoid might contain several units, which are equal up to
the Q-valued equality E.

B. Seselja Q-groupoids and Q-quasigroups



Consequently, Q-groups can be naturally defined as Q-groupoids,
but also as €2-algebras in the language with three operations. In
both cases the mentioned quotient substructures are classical
groups, but the obtained versions of Q-groups are not equivalent.

B. Seselja Q-groupoids and Q-quasigroups



Consequently, Q-groups can be naturally defined as Q-groupoids,
but also as €2-algebras in the language with three operations. In
both cases the mentioned quotient substructures are classical
groups, but the obtained versions of Q-groups are not equivalent.
Still, using the Axiom of Choice, we were able to prove that an
Q-loop having a nullary operation in the language and fulfilling
associativity with respect to E is an Q-group.

B. Seselja Q-groupoids and Q-quasigroups



Consequently, Q-groups can be naturally defined as Q-groupoids,
but also as €2-algebras in the language with three operations. In
both cases the mentioned quotient substructures are classical
groups, but the obtained versions of Q-groups are not equivalent.
Still, using the Axiom of Choice, we were able to prove that an
Q-loop having a nullary operation in the language and fulfilling
associativity with respect to E is an Q-group.

Finally, we deal with (unique) solutions of equations a- x = b and
y - a= b in the framework of Q-quasigroups and Q-groups.

B. Seselja Q-groupoids and Q-quasigroups



Consequently, Q-groups can be naturally defined as Q-groupoids,
but also as €2-algebras in the language with three operations. In
both cases the mentioned quotient substructures are classical
groups, but the obtained versions of Q-groups are not equivalent.
Still, using the Axiom of Choice, we were able to prove that an
Q-loop having a nullary operation in the language and fulfilling
associativity with respect to E is an Q-group.

Finally, we deal with (unique) solutions of equations a- x = b and
y - a= b in the framework of Q-quasigroups and Q-groups. For an
Q-quasigroup (Q-group) (A, E) we obtain solutions with respect
(up to) the Q-equality E - a kind of approximate solutions.
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Quasigroups - notation
Two standard approaches to quasigroups are denoted as follows:

A quasigroup as a groupoid (Q, -): for all a, b € Q, both linear
equations: a-x=b and y-a= b are uniquely solvable for
X, Y.

Quasigroups as algebras with three binary operations -, \ , /
(called multiplication, left division and right division respectively):
An equasigroup: an algebra (Q, -, \, /) which satisfies the
following identities:

QL: y=x-(x\y);
Q2: y=x\(x-y)
Q3: y=(y/x) x
Qd: y=(y x)/x
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If (Q, ) is a quasigroup, then (Q, -, \, /) is an equasigroup,
where the additional binary operations \ and / are defined by:

a\b=c iff b=a-c and a/b=c iff a=c-b.

A quasigroup (Q, -) with an identity element e is a loop:
forevery x€ Q, e-x=x-e=x.

We consider a loop to be a structure (Q, -, e) with the nullary
operation in the language, corresponding to the identity element.
Alternatively, an equasigroup is an eloop if for all x,y, x\x = y/y;
in this approach x\x serves as the identity element.

Finally, a group is an associative loop.

Here we consider groups

— in the language with a binary operation -, unary operation
and a constant e, denoted by (G, -,7!, e) and

— as a groupoid (G, -), i.e., in the language with a single binary
operation -.
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-1



Lattice-valued functions

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions
Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q.

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q2. A p-cut, or a cut of p is a subset p, of X
defined by

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q2. A p-cut, or a cut of p is a subset p, of X
defined by

pp = {x € X | u(x) = p} = u~*(1p).

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q2. A p-cut, or a cut of p is a subset p, of X
defined by

pp = {x € X | u(x) = p} = u~*(1p).

The main properties of cuts:

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q2. A p-cut, or a cut of p is a subset p, of X
defined by

iy = {x € X | u(x) = p} = u(1p).
The main properties of cuts:

p<gq implies g C pp.

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q2. A p-cut, or a cut of p is a subset p, of X
defined by

iy = {x € X | u(x) = p} = u(1p).
The main properties of cuts:

p<gq implies g C pp.

Mo | p € MC P) =y

B. Seselja Q-groupoids and Q-quasigroups



Lattice-valued functions

Lattice-valued, Q2-valued functions are mappings from a
non-empty set X (domain) into a complete lattice Q (co-domain).
Let Q be a complete lattice, u : X — Q an Q-valued function on a
set X and p € Q2. A p-cut, or a cut of p is a subset p, of X
defined by

iy = {x € X | u(x) = p} = u(1p).
The main properties of cuts:

p<gq implies g C pp.

Mo | p € MC P) =y

The collection o of cuts of an Q-valued function p: X — Q is a
closure system, a complete lattice under the set-inclusion,
consisting of subsets of X closed under set-intersections,
containing also X.
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is compatible with the operations in F:

For every binary operation * and unary ’ in F, for all
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Q is the underlying, basic algebra of Q.



For an Q-algebra (Q, E), we denote by u the Q-valued function on
Q, defined by

wu(x) == E(x, x).
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For an Q-algebra (Q, E), we denote by u the Q-valued function on
Q, defined by

p(x) = E(x, x).
 is the Q-domain of E, and for p € Q, pp C Q, defined as

pp ={x € X | u(x) = p}

is a cut of p.

If (Q, E) is an Q-algebra and p € Q, then the cut p, is a
subalgebra of Q and the cut E, is a congruence relation on .
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Identities

Let u(x1,...,xn) = v(x1,...,xn) (briefly u = v) be an identity in
the type of an Q-algebra (Q, E). We assume, as usual, that
variables appearing in terms v and v are from xg,...,x, Then,
(Q, E) satisfies identity u = v if the following condition is
fulfilled:

w(ai) < E(u(ai,...,an),v(a1,...,an)),

n
=1

1

forall a1,...,a, € Q.
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Identities

Let u(x1,...,xn) = v(x1,...,xn) (briefly u = v) be an identity in
the type of an Q-algebra (Q, E). We assume, as usual, that
variables appearing in terms v and v are from xg,...,x, Then,
(Q, E) satisfies identity u = v if the following condition is
fulfilled:

w(ai) < E(u(ai,...,an),v(a1,...,an)),
1

n
1=

forall a1,...,a, € Q.

Let (Q, E) be an Q-algebra, and F a set of identities in the
language of Q. Then, (Q, E) satisfies all the identities in F if and
only if for every p € Q2 the quotient algebra 1,/ E,, satisfies the
same identities.
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An Q-groupoid is an Q-algebra (Q, E), where Q = (Q, ) is a
groupoid.

Let (Q, E) be an Q-groupoid.
Each of the formulas a-x=bandy-a=b,a3,b€ Q, x,y —
variables, is a linear equation over (Q, E).

We say that an equation a- x = b is solvable over (Q, E) if there
is ¢ € @ such that

p(a) A p(b) < p(e) NE(a-c, b).

Analogously, an equation y - a = b is solvable over (Q, E) if there
is d € Q such that

p(a) A p(b) < p(d) N E(d - a, b).
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).
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the following hold:
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).

Each of the above equations is E-uniquely solvable over (Q, E)if
the following hold:
If ¢ and ¢; are solutions of the equation a*x = b over (Q, E), then

p(a) A p(b) < E(e, c).

Analogously, if d and dj are solutions of the equation y xa=b
over (Q, E), then
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Elements ¢ and d are solutions of equations a-x = b and
y - a= b, respectively in (Q, E).

Each of the above equations is E-uniquely solvable over (Q, E)if
the following hold:
If ¢ and ¢; are solutions of the equation a*x = b over (Q, E), then

p(a) A p(b) < E(e, c).

Analogously, if d and dj are solutions of the equation y xa=b
over (Q, E), then

(@) A p(b) < E(d, dh).
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Hence, an E-uniquely solvable equation may have several solutions.
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All these solutions are equal up to the Q-equality E. More
precisely, we have the following.
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Hence, an E-uniquely solvable equation may have several solutions.
All these solutions are equal up to the Q-equality E. More
precisely, we have the following.

Let (Q, E) be an Q-groupoid. If equations a-x =b andy-a=b,
are E-uniquely solvable over (Q, E) for all a,b € Q, then for every
p € Q the quotient groupoid 1,/ Ep, is a quasigroup.
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We say that an Q-groupoid (Q, E) is an Q-quasigroup, if every
equation of the form a-x = b or y - a = b is E-uniquely solvable
over (Q, E).
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We say that an Q-groupoid (Q, E) is an Q-quasigroup, if every
equation of the form a-x = b or y - a = b is E-uniquely solvable
over (Q, E).

Let
p<
(,E

et (Q, E) be an Q-groupoid. If for all a,b € Q and for every
(
)

a) A p(b) the quotient groupoid 1,/ Ep is a quasigroup, then
is an Q-quasigroup.
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(2-equasigroup
Let 9 = (Q,-,\,/) be an algebra in the language with three binary

operations, Q a complete lattice and E : Q% — Q an Q-valued
compatible equality over Q.
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Let 9 = (Q,-,\,/) be an algebra in the language with three binary
operations, Q a complete lattice and E : Q% — Q an Q-valued
compatible equality over Q.

Then, (Q, E) is an Q-equasigroup, if identities Q1,..., Q4 hold:
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(2-equasigroup

Let 9 = (Q,-,\,/) be an algebra in the language with three binary
operations, Q a complete lattice and E : Q% — Q an Q-valued
compatible equality over Q.

Then, (Q, E) is an Q-equasigroup, if identities Q1,..., Q4 hold:
QL: y=x-(x\y);

Q2: y=x\(x-y);

QR3: y=(y/x)x

Q4: y=(y x)/x.
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Let 9 = (Q,-,\,/) be an algebra in the language with three binary
operations, Q a complete lattice and E : Q% — Q an Q-valued
compatible equality over Q.

Then, (Q, E) is an Q-equasigroup, if identities Q1,..., Q4 hold:

QRQl: y=x-(x\y);
QRQ2: y=x\(x"y)
Q3: y=(y/x)x
Q4: y=(y-x)/x

This means that the following formulas should be satisfied, where
w: Q@ — Qis defined by u(x) = E(x, x):
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(2-equasigroup

Let 9 = (Q,-,\,/) be an algebra in the language with three binary
operations, Q a complete lattice and E : Q% — Q an Q-valued
compatible equality over Q.

Then, (Q, E) is an Q-equasigroup, if identities Q1,..., Q4 hold:

QL: y=x-(x\y);
Q2: y=x\(x-y)
Q3: y=(y/x) x
Q4: y=(y-x)/x

This means that the following formulas should be satisfied, where
w: Q@ — Qis defined by u(x) = E(x, x):

QEL: u(x) A ply) < E(y,x- (x\y));
QE2: pu(x) A ply) < E(y,x\(x-y));
QE3: pu(x) A ply) < E(y, (y/x) - x);
QE4: pu(x) A puly) < E(y, (y - x)/x).
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If((Q,-,\,/), E) is an Q-equasigroup, then for every p € Q, the
quotient structure i,/ E, is a classical equasigroup.
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If((Q,-,\,/), E) is an Q-equasigroup, then ((Q, "), E) is an
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quotient structure i,/ E, is a classical equasigroup.

If((Q,-,\,/), E) is an Q-equasigroup, then ((Q, "), E) is an
Q-quasigroup.

The converse follows by the Axiom of Choice (AC).
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If((Q,-,\,/), E) is an Q-equasigroup, then for every p € Q, the
quotient structure i,/ E, is a classical equasigroup.

If((Q,-,\,/), E) is an Q-equasigroup, then ((Q,-), E) is an
Q-quasigroup.

The converse follows by the Axiom of Choice (AC).

Let ((Q,-), E) be an Q-groupoid which is an Q-quasigroup. Then
the structure ((Q, -,\,/), E) is an Q-equasigroup.
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Example

a b ¢ d e
alb c¢c a a e
bla b ¢ d e
clc a b b e
d|ld a b b e
ele e e e a

Table 1
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Example

D L VL T OT
O T T Q v |Q

oD Q 060 T

D Q 0 LV T|L
D T T 0O L0
L ® ® ® ®(

Table 1

Let (Q, -) be a groupoid given in Table 1.
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Example

a b ¢ d e
alb c¢c a a e
bla b ¢ d e
clc a b b e
d|ld a b b e
ele e e e a

Table 1

Let (Q, -) be a groupoid given in Table 1.

This is not a quasigroup, e.g., equation a- x = d does not have a
solution in Q.
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The lattice Q is given by the diagram in Figure 1:

Lattice Q 0

Figure 1
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An Q-valued equality is presented by Table 2.

Ela b c d e
all p p r v
blp 1 p r v
clp p 1l g v
dir r g g 0
elv v v 0 u
Table 2
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An Q-valued equality is presented by Table 2.

Ela b c d e
all p p r v
blp 1 p r v
clp p 1l g v
dir r g g 0
elv v v 0 u
Table 2

The function p: Q@ — Q (u(x) = E(x, x) for all x € Q):
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An Q-valued equality is presented by Table 2.

Ela b c d e
all p p r v
blp 1 p r v
clp p 1l g v
dir r g g 0
elv v v 0 u
Table 2

The function p: Q = Q (u(x) = E(x, x) for all x € Q):
_(a b c d e
F=\111q u)
((Q, -), E) is an Q-groupoid.
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The subgroupoids of ((Q, - ), E), which are cuts of u:
M1 = IU’P = {37 b7 C}v

Nq = lr = pw = {37 b7 G, d}v

Hu = By = {aa b7 c, e}v

o ={a,b,c,d, e}
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The subgroupoids of ((Q, - ), E), which are cuts of u:
K1 = Hp = {37 b, C}'

Nq = Mr = Hw = {37 b7 (o d}'

Hu = fv = {aa b, c, e}'

o ={a,b,c,d, e}

The quotient groupoids over the corresponding cuts of E are the
following;:
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The subgroupoids of ((Q, - ), E), which are cuts of u:
M1 = IU’P = {37 b7 C}v

Nq = lr = pw = {37 b7 G, d}v

Hu = By = {aa b7 c, e}v

o ={a,b,c,d, e}

The quotient groupoids over the corresponding cuts of E are the
following;:

11/Ey = {{a} b}, {c}},

tp/Ep = {{a, b, c}},

o/ Eq = {{a}. {b}., {c. d}}.

/Lr/Er = IUW/E = {{av b, c, d}}v

MU/EU = {{37 b, C}7 {e}}'

wv/Ey ={{a,b,c,e}},

MO/EO - {{aa b,c,d, e}}

B. Seselja Q-groupoids and Q-quasigroups



All these quotient structures are quasigroups, hence the starting
Q-groupoid is an Q-quasigroup, and every linear equation is
E-uniquely solvable over it.
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Q-groupoid is an Q-quasigroup, and every linear equation is
E-uniquely solvable over it.

E.g., the mentioned equation a- x = d which does not have a

classical solution in @, possesses a solution with respect to
Q-valued equality E.
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All these quotient structures are quasigroups, hence the starting
Q-groupoid is an Q-quasigroup, and every linear equation is
E-uniquely solvable over it.

E.g., the mentioned equation a- x = d which does not have a
classical solution in @, possesses a solution with respect to
Q-valued equality E.

Indeed, due to p(a) A p(d) = q, this solution is element b, since
the class X = {b} is the unique solution of the equation

[a]g, - X = [d]Eg, over the quasigroup fiq/Eq (observe that

[dle, = {c.d)).
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All these quotient structures are quasigroups, hence the starting
Q-groupoid is an Q-quasigroup, and every linear equation is
E-uniquely solvable over it.

E.g., the mentioned equation a- x = d which does not have a
classical solution in @, possesses a solution with respect to
Q-valued equality E.

Indeed, due to p(a) A p(d) = q, this solution is element b, since
the class X = {b} is the unique solution of the equation

[a]g, - X = [d]Eg, over the quasigroup fiq/Eq (observe that

[dle, = {c.d)).

p(a) A p(d) = g < p(b) NE(a-b,d) = p(b) NE(c,d) = 1A g =q.
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All these quotient structures are quasigroups, hence the starting
Q-groupoid is an Q-quasigroup, and every linear equation is
E-uniquely solvable over it.

E.g., the mentioned equation a- x = d which does not have a
classical solution in @, possesses a solution with respect to
Q-valued equality E.

Indeed, due to p(a) A p(d) = q, this solution is element b, since
the class X = {b} is the unique solution of the equation

[a]g, - X = [d]Eg, over the quasigroup fiq/Eq (observe that

[dlg, = {c. d}).
p(a) A p(d) = g < p(b) NE(a-b,d) = p(b) NE(c,d) = 1A g =q.

Hence, a- b and d are E-equal with grade q.
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Q2-loop and €2-group
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Q2-loop and €2-group
An Q-algebra (G, E) is an Q-group, if the underlying algebra
1

G = (G,-, ~1 e) has a binary operation -, a unary operation ~1,
a constant e, and the following formulas hold:
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Q2-loop and €2-group

An Q-algebra (G, E) is an Q-group, if the underlying algebra
G = (G,-, ~1,e) has a binary operation -, a unary operation
a constant e, and the following formulas hold:

-1

LGL: p(x) Ap(y) A(z) < E(x-(y-2),(x-y)-z);
LG2: p(x) < E(x-e,x), p(x) < E(e-x,x)
LG3: u(x) < E(x-x71e), p(x)<E(x!-xe)
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Q2-loop and €2-group

An Q-algebra (G, E) is an Q-group, if the underlying algebra
G = (G,-, ~1,e) has a binary operation -, a unary operation
a constant e, and the following formulas hold:

-1

An Q-algebra ((G,-, ~1,e), E) is an Q-group if and only if for
every p € S, the quotient cut-subalgebra 1,/ E, is a group.
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An O-loop is an Q-algebra (Q, E), where Q = (Q,-,e) is a
structure with a binary operation - and a constant e, ((Q, ), E)
is an Q-quasigroup, E(e,e) = 1 and the formula LG2 holds.
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An O-loop is an Q-algebra (Q, E), where Q = (Q,-,e) is a
structure with a binary operation - and a constant e, ((Q, ), E)
is an Q-quasigroup, E(e,e) = 1 and the formula LG2 holds.

An Q-semigroup is an Q-algebra ((Q, -), E) where (Q, -) is a
groupoid and the formula LG1 holds.
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An O-loop is an Q-algebra (Q, E), where Q = (Q,-,e) is a
structure with a binary operation - and a constant e, ((Q, ), E)
is an Q-quasigroup, E(e,e) = 1 and the formula LG2 holds.

An Q-semigroup is an Q-algebra ((Q, -), E) where (Q, -) is a
groupoid and the formula LG1 holds.

The proof of the following theorem depends on the Axiom of
Choice (AC).
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An O-loop is an Q-algebra (Q, E), where Q = (Q,-,e) is a
structure with a binary operation - and a constant e, ((Q, ), E)
is an Q-quasigroup, E(e,e) = 1 and the formula LG2 holds.

An Q-semigroup is an Q-algebra ((Q, -), E) where (Q, -) is a
groupoid and the formula LG1 holds.

The proof of the following theorem depends on the Axiom of
Choice (AC).

=l

Let ((Q,-,€e), E) be an Q-algebra. There is a unary operation
on Q such that ((Q,-, ~1,e), E) is an Q-group if and only if
((Q,-), E) is an Q-semigroup and ((Q, -, €), E) an Q-loop.
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every x € Q
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Neutral elements in Q2-groupoids

Let ((Q,-), E), be an an Q-groupoid and e € Q, such that for

every x € Q
p(x) < E(x-e,x)ANE(e-x,x).
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Neutral elements in Q2-groupoids

Let ((Q,-), E), be an an Q-groupoid and e € Q, such that for
every x € Q

p(x) < E(x-e,x)ANE(e-x,x).

Then e is a neutral element in (Q, E).
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Neutral elements in Q2-groupoids

Let ((Q,-), E), be an an Q-groupoid and e € Q, such that for
every x € Q

p(x) < E(x-e,x)ANE(e-x,x).

Then e is a neutral element in (Q, E).

If e is a neutral element in an Q-groupoid ((Q, -), E), then for
every x € G, p(x) < p(e).
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Neutral elements in Q2-groupoids

Let ((Q,-), E), be an an Q-groupoid and e € Q, such that for
every x € Q

p(x) < E(x-e,x)ANE(e-x,x).

Then e is a neutral element in (Q, E).

If e is a neutral element in an Q-groupoid ((Q, -), E), then for

every x € G, p(x) < p(e).
In addition, e is unique and this is also the neutral element in the

underlying groupoid (Q, -).
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Let Q = (Q, E) be an Q-groupoid, where the underlying algebra is
a groupoid Q = (Q, ).
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Let Q = (Q, E) be an Q-groupoid, where the underlying algebra is
a groupoid Q = (Q, ).
Then an e € Q is a weak neutral element in Q if for every x € Q,

p(e) A pu(x) < E(x*e,x) A E(ex*x,x).
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Let Q = (Q, E) be an Q-groupoid, where the underlying algebra is
a groupoid Q = (Q, ).
Then an e € Q is a weak neutral element in Q if for every x € Q,

p(e) A pu(x) < E(x*e,x) A E(ex*x,x).

Proposition

Let e be a weak neutral element in an Q-groupoid Q= (9Q,E),
where Q = (Q, *) is a classical groupoid. Then for every p € Q
such that e € pp, the class [e]g, is a neutral element in the

groupoid pip/ Ep.
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Let Q = (Q, E) be an Q-groupoid, where the underlying algebra is
a groupoid Q = (Q, ).
Then an e € Q is a weak neutral element in Q if for every x € Q,

p(e) A pu(x) < E(x*e,x) A E(ex*x,x).

Proposition

Let e be a weak neutral element in an Q-groupoid Q= (9Q,E),
where Q = (Q, *) is a classical groupoid. Then for every p € Q
such that e € pp, the class [e]g, is a neutral element in the

groupoid pip/ Ep.

Clearly, the class [e]g, is a unique neutral element in the groupoid
pp/ Ep-
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Let Q = (Q, E) be an Q-groupoid, where the underlying algebra is
a groupoid Q = (Q, ).
Then an e € Q is a weak neutral element in Q if for every x € Q,

p(e) A pu(x) < E(x*e,x) A E(ex*x,x).

Proposition

Let e be a weak neutral element in an Q-groupoid Q= (9Q,E),
where Q = (Q, *) is a classical groupoid. Then for every p € Q
such that e € pp, the class [e]g, is a neutral element in the

groupoid pip/ Ep.

Clearly, the class [e]g, is a unique neutral element in the groupoid
pp/ Ep-

Proposition

A weak neutral element e in an Q-groupoid Q = (Q, E) is an
idempotent element in the underlying groupoid Q.
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A weak neutral element in an Q-groupoid is not in general the
neutral element in the underlying groupoid.
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neutral element in the underlying groupoid. In addition it is not
necessarily unique.

Proposition

If e; and e are weak neutral elements in an Q-groupoid Q, then
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A weak neutral element in an Q-groupoid is not in general the
neutral element in the underlying groupoid. In addition it is not
necessarily unique.

Proposition

If e; and e are weak neutral elements in an Q-groupoid Q, then

E(e1, &2) = p(er) A p(e2).
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A weak neutral element in an Q-groupoid is not in general the
neutral element in the underlying groupoid. In addition it is not
necessarily unique.

Proposition

If e; and e are weak neutral elements in an Q-groupoid Q, then

E(e1, &2) = p(er) A p(e2).

In addition, if e; # e, then p(e1) and u(ey) are not comparable
elements of 2.

B. Seselja Q-groupoids and Q-quasigroups



For an Q-groupoid ((Q, *), E) we define
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For an Q-groupoid ((Q, *), E) we define
N :={e € Q| e is a weak neutral element in Q} and

p(N) = {p(e), e € N}.
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For an Q-groupoid ((Q, *), E) we define

N :={e € Q| e is a weak neutral element in Q} and
u(N) = {n(e). e € ).

An Q-groupoid Q = ((Q, *), E) in which N # ) is a weak
Q-group if the following hold:
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For an Q-groupoid ((Q, *), E) we define
N :={e € Q| e is a weak neutral element in Q} and
p(N) = {u(e). e € ).
An Q-groupoid Q = ((Q, *), E) in which N # ) is a weak
Q-group if the following hold:
(j) Q is associative: for all x,y,z € Q
u(x) A ply) A p(z) < E(xx (y * 2), (x x y) = 2);
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For an Q-groupoid ((Q, *), E) we define

N :={e € Q| e is a weak neutral element in Q} and

u(N) = {n(e). e € ).

An Q-groupoid Q = ((Q, *), E) in which N # ) is a weak

Q-group if the following hold:

(j) Q is associative: for all x,y,z € Q
u(x) A ply) A p(z) < E(x o (y * 2), (x + y) * 2);

(jj) If e is a weak neutral element of Q, then for every x € Q
there is x 1¢ € Q such that
p(e) A pu(x) < p(x 1) A E(x* x7te e) A E(xte x x, e), and
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For an Q-groupoid ((Q, *), E) we define

N :={e € Q| e is a weak neutral element in Q} and

u(N) = {n(e). e € ).

An Q-groupoid Q = ((Q, *), E) in which N # ) is a weak

Q-group if the following hold:

(j) Q is associative: for all x,y,z € Q
u(x) A ply) A p(z) < E(x o (y * 2), (x + y) * 2);

(jj) If e is a weak neutral element of Q, then for every x € Q
there is x 1¢ € Q such that
p(e) A pu(x) < p(x 1) A E(x* x7te e) A E(xte x x, e), and

(i) prHu(N)) = Q.
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Let Q = (Q, E) be a weak Q-group. Then for every p € Q, up/Ep
is a group in which the neutral class is [e]g, for an e € N.

Let Q = (Q, E) be an Q-groupoid with a nonempty set N of weak
neutral elements. If every nonempty quotient p,/Ep, p € Q, is a
group whose neutral class is [e]Ep for an e € N, then Q is a weak
Q-group.
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Q = {elv €2, 4, ba C}
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Q = {elv €2, 4, ba C}

*le e a b c Elee @ a b c
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((Q, %), E) is an Q-groupoid.
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((Q, %), E) is a weak Q-group, since all the nonempty quotient
cut-subgroupoids are groups:

i1/Ey =0, 1/ By = et o/ Eq = {{ea}},

e/ E: = {{en, @b, /B = (e {chh s/ Es = {{er}, {b}},
e/ Er = {{ex}, {2} ), sim/ Em = {{e2,c}},

12/Ex = {{er e} {c}}, iy /By = {{er. ea). (b},

tix/Ex = {{e1, b}}, pw/Ew = {{e1, &2}, {a}}, nv/E, = {{e1, a}},
MH/E = {{61, €2, C}}v :U’I'/EI' = {{el’ €2, b}}v

Mk/Ek = {{617 €2, a}}' MJ'/EJ' = {{61, 62}7 {3}7 {b}v {C}}'

Hg/E = {{e1, e, c},{a b}}, ur/Er = {{e1, &2, b},{a, c}},
wi/Er={{e1, e, a}, {b,c}}, po/Eo = {{e1, e, a,b,c}}.
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((Q, %), E) is a weak Q-group, since all the nonempty quotient
cut-subgroupoids are groups:

pr/Er =0, pp/Ep = {{e1}}, 1o/ Eq = {{e2}},

ne/Ee = {{e1, e2}}, pu/Eu = {{e2}, {c}}, ps/Es = {{er}, {b}},
nr/Er = {{en}. {a}}, um/Em = {{e2, c}},

nz/Ez = {{e1, e}, {c}}, ny/E, = {{e1, &2}, {b}},

pix/Ex = {{e1, b}}, pw/Ew = {{e1, &2}, {a}}, pv/E = {{er,a}},
MH/E = {{61, €2, C}}v :U’I'/EI' = {{el’ €2, b}}v

Mk/Ek = {{617 €2, a}}' MJ'/EJ' = {{61, 62}7 {3}7 {b}v {C}}'

Hg/E = {{elv €2, C}v {a) b}}, Nf/Ef = {{el? €2, b}7 {a’ C}}'
wi/E = {{e1, e, a},{b,c}}, po/Eo = {{e1, e, a,b,c}}.

Clearly, e; and e are weak neutral elements and the condition (jj)
holds: N = {er, e}, u(N) = {p,q} and = (}{p,q}) = Q.
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