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@ (1984) V. F. R. Jones introduced a new polynomial for knots, which is called
the Jones polynomial with the skein relation;

tVi, (1) —t TV (8) + (t2 —t2)V, (1) =0.

@ (1984.09~10.) The four research groups submitted the same result -the
existence and properties of a new polynomial invariant for knots and links- ,
independently. This polynomial invariant generalizes both the
Alexander-Conway polynomial and the Jones polynomials, which is called
HOMEFLY polynomial by combining the initials of its co-discoverers: J.
Hoste, A. Ocneanu, K. Millet, P. J. Freyd, W. B. R. Lickorish, and D. N.
Yetter. The skein relation is as follows.

vP, (v,z) — viP, (v,z) = zP, (v, z).
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® (1985.04,1987) J. H. Przytycki and P. Traczyk introduced a Conway algebra
and construct invariants of links valued in a Conway algebra, called Conway
type invariant. The HOMFLY polynomial is obtained from Conway type
invariants.

@ The HOMFLY polynomial is also called the HOMFLY-PT polynomial. The
addition of PT recognizes independent work carried out by J. H. Przytycki
and P. Traczyk.

@ (2017) L. H. Kauffman and S. Lambropoulou defined a new polynomial
invariant with two different relations of self-crossings and mixed crossings.

@ (2017) S. Kim generalized Conway algebras by applying two skein relations
related to self-crossings and mixed crossings, which are called generalized
Conway algebras.
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HOMFLY polynomial

Definition (Hoste-Ocneanu-Millet-Freyd-Lickorish-Yetter, 1985)

There is a unique function P from the set of isotopy classes of oriented links to
the set of Laurent polynomials in v, z such that

 vP. (v,z)—viP (v,2) =zP (v, 2),
@ Pi(v,z) =1if Lis the unknot.
The value P(L) of a link L is called the HOMFLY polynomial of L.

A X
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HOMFLY polynomial of 3;

@ The HOMFLY polynomial Py of the trefoil knot K is 2v? — v* + v222.

K ‘ P..(v,2)=v2P_(v,2)+V'zP ,(v,2)

‘ P (v,2)=v?P,(v,2)-V"'ZP (V,2)

L Py(v,2)=V?Py(v,2)-vzZP,(v,2)
& =v?Py-vz[V?P-vzZPo]
\_> =v2-V3(v-v)+viz?
VN vz =2v2-vi4viz2

wrz OO O,
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Conway algebra

Definition (Przytyski-Traczyk, 1987)

Let A be a set with two binary operations o and / on A. Let {a,}%; C A.
A Conway algebra is the quadruple (A, o, /,{an}?> ) satisfying the following
conditions:

Q@ (aob)/b=a=(a/b)ob forall a,be A,

Q a,=a,o0ap forall neN,

© (aob)o(cod)=(aoc)o(bod) forall a,b,c,decA.

@ The operation / is the inverse operation of o.
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Conway type invariant

@ Let £ be the set of equivalence classes of oriented link diagrams.

Proposition (Przytyski-Traczyk, 1987)

Let (A, o, /,{anf>2 1) be a Conway algebra. There exists an invariant W : L — A
satisfying the following properties:

@ For the trivial link T,, of n components, W(T,) = a,,

@ For each crossing,
W(D,) = W(D-) o W(Dy),

where (D,, D_, Dy) is the oriented Conway triple.

The invariant W is called the Conway type invariant on the Conway algebra

DPID A LD S
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Conway algebra

1. Let A =Z[p*!, g*!, r*l]. Define binary operations o and / by

aob=pa+qgb+r and a/b=plta—plgh—plr.
Let {an}° ; be a sequence defined by the recurrence formula

ag=1and (1—pla, =qap.1+r.

Then (Z[p*?, g*1, r*Y, o0, /,{an)> ;) is a Conway algebra.

@ By substituting p=v 2, g=v !z and r =0, one can obtain the next
example.
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Conway type invariant

2. Let A’ = Z[v*!, z+1]. Define the binary operations o and / by

aob=v2a+vlzb and a/b=v?a— vzb.
Denote a, = ((v — v 1)/z)"! for each n.
Then (Z[v*l, 2z, 0, /,{an} ;) is a Conway algebra.

@ Then one can obtain the Conway type invariant W valued in the Conway
algebra A’. The Conway type invariant W/(L) of a link L is the HOMFLY
polynomial of L.

@ Hence we call it the HOMFLY-PT polynomial.
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Conway type invariant of 3;

@ The calculation for the Conway type invariant of the trefoil K is a1/(az/a1).

® ai/(ay/a1) =a1/(p tax—p tqar—p 'r)

=plai—plqlptaa—plga—ptr)—
=2p 1+ p2¢°—p 2+ (p2+p2q—p
@ 2p 1+ p 2@ —p 2+ (p2+p2q—p Yr=2v2— v+ 222

pir
)

Ly
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Generalized Conway algebras

Definition (Kim, 2017)

Let A be a set with binary operations o, %, / and // on A. Let {an)2, C A A
generalized Conway algebra is the 6-tuple (A, o, *, /, //,{an}5> ;) such that for
a,bc dedA,

© (aob)/b=(a/b)ob=a=(axb)//b=(a//b)xb,

Q a,=a,0a, 1 foreach n e N,

@ (aob)o(cod)=(aoc)o(bod)
Q (axb)x(cxd)=(axc)x(bxd)
@ (aob)o(cxd)=(aoc)o(bxd)
@ (axb)x(cod)=(axc)x(bod)
@ (aob)x(cod)=(axc)o(bxd)
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Invariants of Generalized Conway algebras

Proposition (Kim, 2017)

Let (A, o,/ * v// {an)ee ) be a generalized Conway algebra. There uniquely exists
the invariant W: £ — A satisfying the following rules:

© For each self crossing c,

W(DS) = W(DE) o W(DS).
© For each mixed crossing c,

W(DS) = W(DE) = W(D§).

© For the n-component trivial link T, /W(T,,) = a,.

We call W the generalized Conway type invariant valued in (f[, o,/,% // {an}> 1)
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Invariants of Generalized Conway algebras

@ For each self crossing c, /VI\/(Dj) = W(Di) o /M\/(Dg).
=W

AN /
NS

e L o

W oW

@ For each mixed crossing ¢, W(DS) = W(D<) « W(DS).

W\ =W /*W

NS
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Example of generalized Conway algebras and invariants

o Let A = Z[pt!, g*1, r]. Define the binary operations o, *, / and // by

aob=pa+qgb, a/b=plta—plgb,
axb=pa+rb, a//b=pta—plrb.

Denote a, = (1_7")”*1 for each n. Then (A, o, /,*, // {an}2) is a
generalized Conway algebra.

@ By substituting p=v~2 and q = r = v_!z, we can obtain another
generalized Conway algebra (Z[v*!, z*1], 0, /,{a,}>° ;) and hence the
generalized Conway type invariant valued in Z[v*!, z*1] is the HOMFLY-PT
polynomial invariant.

v
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Example of generalized Conway algebras and invariants

Example (Kim, 2018)

It is well-known that two link L; = L11n4180,0 and L, = L11n3580, 1 have tAhe
same HOMFLY-PT polynomial. There exists a generalized Conway algebra A
such that W(L;) # W(Ly).

B

L11n418{0,0} L11n358{0,1}
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Surface-links

Definition

@ A surface-link is the image of a smooth embedding of a closed surface F in
R4,

@ A surface-link is called a surface-knot, if F is connected.

@ A surface-link is said to be orientable if F is orientable.

R* R®
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Marked graphs

Definition

@ A marked graph is a 4-valent graph embedded in R3 with marked vertices.

@ A marked graph diagram can be described by a diagram in R?, which is a
link diagram with some 4-valent vertices equipped with markers.

oo

Figure: The spun trefoil

Seonmi Choi (Kyungpook National Univ.) Marked Conway algebras July 8, 2019 19 / 40



Surface-links and marked graph diagrams

R3x{1}

>< R3x{0}

R3x{-1}

Seonmi Choi (Kyungpook National Univ.)
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Surface-links and marked graph diagrams

Prop. For an admissible marked graph diagram D, we can construct a surface-link

F(D) from D.
Rx(1} @

Rx(-1} @

Prop. Every surface-link F can be represented by an admissible marked graph
diagram D.
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Equivalent oriented marked graphs

@ {oriented marked graphs}/ =
<> {oriented marked graph diagrams}/Ty,---,T5

B AN

3
—DC X
rj@éiH

N

@wgg

|
>>/

Figure: Yoshikawa moves of type 1
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Equivalent oriented surface-links

@ {oriented surface-links}/ =
+ {oriented marked graph diagrams}/Ty,---, T3

33 .o

D
=3
e

X
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>>/
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N\
< E (
0 \><_/ — SN AN

Figure: Yoshikawa moves
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Polynomial for oriented marked graphs

Proposition (Joung-Kamada-Kawauchi-Lee, 2017)

The polynomial < - > is an invariant for oriented marked graphs,
i.e. for an oriented marked graph diagram D, the polynomial
< D >=< D > (a,x,y) is invariant under Yoshikawa moves of type 1.

Moreover,

o < O0O>»=1
@ < DUO>=(a%+1+a% <« D> for any oriented link diagram D.

@ For any skein triple (D., D_, Dy) of link diagrams,

a’<D.>-a<D_>=(a3-a)<Dy>.

@ For any marked skein triple (D™, Df", DZ),

LKD" >=x< DI >+y < D" > .
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Polynomial for oriented marked graphs

Proposition (cont’)

@ For any skein triple (D., D_, Dy) of link diagrams,
al<«D,>-a«<D_>=(@3-a)<Dy>.

@ For any marked skein triple (D™, Df", DZ0),

K D" >=x< DI >+y < D" > .

AP AQAG, O P

Figure: Skein triple and Marked Skein triple
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Polynomial for oriented surface-links

Proposition (Joung-Kamada-Kawauchi-Lee, 2017)

Let L be an oriented surface-link and let D be an oriented marked graph diagram
presenting L. Then the polynomial < D >¢ Z[a*!, x, y], modulo the ideal
generated by /\(a), is an invariant of L up to multiplication by powers of

(@0 +1+a%x+yandx+ (a®+1+a8)y where A(a) = (a®+1+a%)2—1.

@ In this talk, this polynomial is called a JKKL polynomial.
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Marked Conway algebra

Definition (Bae-C-Kim, 2018)

Let MA be a set with three binary operations o, / and e on MA. Let
{an}2; € MA. A marked Conway algebra is the 5-tuple (MA, o, /, e, {a,} ;)
satisfying

© (aob)/b=a=(a/b)ob for a,b e MA,
Q a,=a,0a,.1 for every n e N,

© (aob)o(cod)=(aoc)o(bod) fora,b,c,decMA,

Q (aeb)e(ced)=(aec)e(bed) fora b, c, decMA.
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Marked Conway algebra

Let MA = Z[p*!, g%, z*1, x, y]. Define binary operations o, / and e by
aob=pa+qgb+ z,

a/b=pta—plgb—p 'z,
aeb=xa+yb.

Let {a,}° ; be a sequence defined by the recurrence formula

aa=1 (1-pla,=qam+2z

Then (Z[p*!, g*1, z*1, x, yl, 0, /, {25} ) is a marked Conway algebra.
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Construct the marked Conway type invariant

Now we construct the invariant MW of marked graph diagrams modulo
Yoshikawa moves of typel valued in a marked Conway algebra MA.

If a marked graph diagram D has markers, then for each marker m, we splice m
satisfying

MW (D™) = MW (D) « MW (D). (1)
MW =MW MW
/7N
D™ D" Dy

If D has no markers, then
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Construct the marked Conway type invariant

Theorem (Bae-C-Kim, 2018)

Let ML, be the set of equivalence classes of oriented marked graph diagrams
modulo Yoshikawa moves of type 1. Let (MA, o, /,,{an}%> ) be a marked

Conway algebra. Then there uniquely exists the invariant MW : ML; — MA,
satisfying the following rules:

@ For a marker m the following relation holds:
MW (D™) = MW (DZ) e MW (Dg").

@ /f D has no markers, then

The invariant MW is called the marked Conway type invariant valued in MA.
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Marked Conway type invariant

Lemma

Let (MA, o, /,e,{an}? ) be a marked Conway algebra such that for all n € N and
for every a, b, c,d € MA,

ap®ap 1 =a,=ap;19a,and (aob)e(cod)=(aec)o(bed).

Then the marked Conway type invariant MW : ML, — MA is invariant under Tg
and T¢.

) =T - mw) )| =mw| DO)|-mw| 2O

dn= an+1°® dn
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Marked Conway type invariant

Lemma

Let (MA, o, /,e,{an)%> ;) be a marked Conway algebra such that for all n € N and
for all a, b, c,d € MA,

a, =api2 and (aob)e(cod)=(aec)o(bed).

Then the marked Conway type invariant MW : ML, — MA is invariant under Ty
and Tg.
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Marked Conway type invariant

Theorem (Bae-C-Kim, 2018)

Let MLy, be the set of equivalence classes of oriented marked graph diagrams
modulo oriented Yoshikawa moves. Let (MA, o, /, o,{a,}> ;) be a marked Conway
algebra with three conditions: for all n € N and for all a, b, c,d € MA,

dp ®dpt1 = dp = dp+1 ® dp, dn = anp+2,

(aob)e(cod)=(aec)o(bed).

Then there uniquely exists the invariant of oriented surface-links,
MW : ML, — MA, satisfying the following conditions:

©Q For a marker m, MW (D™) = MW (DZ) e« MW (D),
@ For a classical crossing c, MW (DS ) = MW (D) o MW (D{"),
© If D has no markers, then MW (D) = W(D).

The invariant MW s the marked Conway type invariant valued in MA for
oriented surface-links.

v

Seonmi Choi (Kyungpook National Univ.) Marked Conway algebras July 8, 2019 33 /40



Marked Conway algebra

Let MA = Z[p*!, g*1, x, y]. Define binary operations o, / and e by
aob=pa+qb, a/b=p lta—p lqgb, aeb=xa+yb.

Let {a,}° ; be a sequence defined by the recurrence formula

ai=1, (1-pla,=qan1.

o (Zlp* ¢!, x,yl/(x+y(1—plgty +x(1—p)g1),0,/,0,{an),) is a

marked Conway algebra satisfying a, ® a,.1 = a, = ap+1 ® a,.

o (ZIp*, ¢*, x,yl/((1 = p)?q2),0,/,,{an}>,) is a marked Conway algebra
satisfying a, = ap 2.
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Marked Conway type invariant

Let MA = Z[a*!, x, y]. Define binary operations o, / and e by
xo P =aa+ (a° —al?)p,
o/p=atBat(a®—a1?)p,

axef=xx+yp.
Denote a, = (a ®+1+a%)" 1, for each n e N.

@ This is obtained from the marked Conway algebra in the previous example
by substituting p = a'® and g = (a® — a'?).

@ Moreover, the JKKL polynomial invariant is obtained from the marked
Conway type invariant MW valued in MA.
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Calculation of marked Conway type invariants

D:%;;;;
il

1890911 0 0

O PO 00O @)
oo o553
o0,

eIl ~
0, W%K”/&%
D,U0 R0 =
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Calculation of marked Conway type invariants

o MW(D)= MW (81) = [az e MW (D;)] e [a3 ® a5]

(D
o MW(Dy) = MW(Dy) o IMW(Dy i O) o MW(Dy)]
=la1/(a2/a1)] o [(a2/(a3/a2)) o (a1/(a2/a1))]
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Generalized marked Conway algebra

Definition

Let MA be a set with five binary operations o, %, /, // and e on MA. Let
{an}?; € MA. A generalized marked Conway algebra is the 7-tuple
(MA, 0,%,/,//,8{an> ) such that for a, b, c, d € MA,

© (aob)/b=(a/b)ob=a=(axb)//b=/(a//b)xb,

Q a,=a,o0a, 1 foreach ne N,

© (aob)o(cod)=(aoc)o(bod)
Q (axb)x(cxd)=(axc)x(bxd)
@ (aob)o(cxd)=(aoc)o(bxd)
Q (axb)x(cod)=(axc)*(bod)
@ (aob)x(cod)=(axc)o(bxd)
Q (aeb)e(ced)=(aec)e(bed)

v
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Construct a generalized marked Conway type invariant

Theorem (Bae-C-Kim, 2018)

Let ML, be the set of equivalence classes of oriented marked graph diagrams
modulo Yoshikawa moves of typel. For a generalized marked Conway algebra

(MA, 0,%,/,//,0{an)> 1), there uniquely exists the invariant MW : ML, — MA,
satisfying the following rules:

@ For a marker m the following relation holds:
MW (L™) = MW (L™) « MW (LT). (2)

@ /f L has no markers, then

—

MW(L) = W(L) (3)

where W is a generalized Conway type invariant.

The invariant MW is an invariant for oriented marked graphs.
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Thank you for your attention.
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